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A rigorous treatment of CMG gimbal angle control 
is presented in the framework of an optimization problem. 
Two algorithms for control are developed and implementation 
questions are discussed. 

the Skylab is explained in terms of the basic components of 
an optimal solution. Further, the gimbal angle trajectories 
of the MSFC control law appears to be reproducible by a 
proper choice of the penalty function in the optimization 
problem. 

The CMG control law being developed by MSFC for 

Savings in computer memory storage can be achieved 
by employing one of the control laws developed here, IBM, 
Huntsville, has shown that a saving of 224 words could be 
realized. However, with the ATM digital computer, execution 
time.would be increased. Should the need for additional 
memory become compelling, consideration can be given to 
replacin9 the MSFC law by one presented here. 
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TECHNICAL MEMORANDUM 

In t roduct ion  

The design of con t ro l  l a w s  f o r  a c t i v e  cont ro l -  
moment-gyro (CMG) systems d iv ides  n a t u r a l l y  i n t o  t w o  p a r t s  - 
(1) spec i fy ing  t h e  des i r ed  c o n t r o l  torque Td as a func t ion  of 
t h e  a t t i t u d e  and rate e r r o r  of t h e  s p a c e c r a f t  and (2) con; 
t r o l l i n g  t h e  rate of change of CMG s p i n  angular  momentum H 
such t h a t  t h e  a c t u a l  cont ro l  torque Ta equals  t h e  d e s i r e d  T d . 
This  memorandum dea ls  w i t h  t h e  second problem. The f i r s t  has 
been inves t iga t ed  i n  R e f .  1, which conta ins  much h i s t o r i c a l  
background. 

For any phys ica l  arrangement of CMGs, €I can be 
w r i t t e n  as*  

= C 6 6a  = Ta - ~ r H ( 6 ~ )  ( a) 

where, f o r  a system of N two degrees-of-freedom. CMGs, d a  i s  
a 2N x 1 v e c t o r  of a c t u a l  gimbal angles ,  c ( sa)  = ( a ~ ~ / a s ~  I * *  

of t h e  gimbal angles ,  and w is t h e  s p a c e c r a f t  angular  v e l o c i t y ,  
The magnitude of t h e  s p i n  angular momentum of each CMG is 
assumed t o  be  the same and each t e r m  i n  t h i s  equatiorl is a 
torque  p e r  u n i t  of s p i n  angular momentum of one CMG. 

i s  a 3 x 2N matrix whose elements are t r igonometr ic  func t ions  j 

*The ef fecf  of non-spin angular momentum terms are n e g l i -  
g i b l e  [ R e f  . 11, and therefore  are n o t  included. 

**Hi (i=l, 2,3) and b? (j=1, . . . , 2 N )  are t h e  components of 3 
the vectors H and sa ,  r e spec t ive ly .  
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A servomechanism on each gimbal a x i s  c o n t r o l s  t h e  
a c t u a l  gimbal angle  rates ia by t r ack ing  commanded gimbal 
angle rates 6' generated i n  the c o n t r o l  computer. The re- 
sponse t i m e  of t hese  servomechanisms i s  s u f f i c i e n t l y  small 
so t h a t  g a  tracks iC very c l o s e l y ,  close enough i n  fact  t h a t  
t h e  f irst  s t e p  is t o  rep lace  ia by d c  i n  t h e  equat ion f o r  fi .  

I n  what follows t h e  supe r sc r ip t s  a and c on 6 w i l l  be suppress- 
ed, b u t  it is t o  be understood that i n  t h e  c o n t r o l  computer 6' 
i s  ca l cu la t ed  with the matrix C and t h e  vector H determined from 
a c t u a l  gimbal angles  ( o r  s i n e s  and cos ines  of t h e  a c t u a l  gimbal 
angles)  . 

Implementation of CMG c o n t r o l  i s  l i k e l y ,  as on the 
Skylab, t o  employ a d ig i ta l  computer. A gene r i c  block diagram 
for  such a system is  shown on Figure 1. 
sample values of a t t i t u d e  and rate e r r o r  are used t o  c a l c u l a t e  
a sample yalue of the desired CMG torque Td from which a sample 
value of 6 is ca lcu la ted .  This 6 is he ld  cons t an t  u n t i l  the 
n e x t  sampling t i m e  and is  appl ied  as i n p u t  t o  t h e  servomecha- 
nisms t h a t  c o n t r o l  gimbal angle  rates. 

=k Ar t i m e  t = 

The purpose of this r e p o r t  i s  t o  develop, i n  a uni- 

Computational algorithms fo r  ob ta in ing  such rates a r e  

f i e d  and sys temat ic  way, +e underlying p r i n c i p l e s  f o r  determ- 
i n i n g  the commanded rates 6 ,  i n  t h e  framework of an opt imiza t ion  
problem. 
derived and t h e  computational problems involved i n  implementa- 
tioz. are discussed. The Marshall  Space F l i g h t  Center (MSFC) 
c o n t r o l  l a w  being implemented on t h e  Skylab i s  a l s o  explained 
i n  terms of t h e  p r i n c i p l e s  developed here. 

I. Mathematical S ta t emen t  of t h e  Problem 

For t h e  sake  of d e f i n i t e n e s s ,  w e  s h a l l  confine our- 
selves i n  t h i s  paper  t o  the case of 3 CMGs ( N = 3 ) .  I n  .L:Slis 
event ,  t h e  gimbal angle  vec tor  6 i s  a 6-vector and is  given by 

where t h e  $i and ui r epresent  the i n n e r  and o u t e r  gimbal angles ,  
r e spec t ive ly .  
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The momentum vector, H ,  i s  given by H = hl + h2 + h3, 
where hi i s  t h e  u n i t  momentum of each gyro, and i n  t h e  case of 
Skylab (Ref. 2 ) :  

cosalcos B1 -sinB2 -sina3cos 8 

hl = ( -sinalcosB1 ) I h2= ( C O S ~ ~ O s 8 ~  I h3 = (  -s;e3 :) 
cosa cos8 -sinB1 -s ina cos8 

Hence, t h e  3 x 6 matr ix  C (6) i s  given by 

s i n a  s in8  I-cosa cos8 
31 3 

0 
I 

3 
' -COS8 I 

I 

0 

2 

I 

I -cos82 I 
-cos0 s i n 8  I - s ina  cos13 I 

lI 

1 1  I 2 2 ,  

1 I I  1 

- c o s 8 1  I 0 

I 

I 3 ;  
I-cOSa s i n 8  I-sina cos8 

2 1  
s i n a  s in6  I - ~ o s a ~ c o s 8 ~ ~ - c o s a  s i n 8  I-sina cos6 

I 
1 

I I s i n a  s i n 8  I-cosa2cosB2 I 
I 2 21 I 3 31  3 

We can now formulate the  problem mathematically: 
Given 6 (t) , t h e  CMGs d e l i v e r  a torque,  Tal  according t o  t h e  
r e l a t i o n :  

W e  r equ i r e  the  c o n t r o l l e r  t o  act  i n  such a way so t h a t  both i 
and T d are cons tan t  i n  each sampling i n t e r v a l  [ t k ? t k + l ] ;  i .e . ,  

w e  seek a 6 ( t )  w h i c h  s a t i s f i e s :  

d 
k where {T 1 is  a sequence of cons t an t  vec tors .  Furthermore, w e  

wish t o  minimize some penal ty  func t ion  J ( 6 ( t ) )  subject t o  t h e  
c o n s t r a i n t  Eq. ( 2 ) .  

The role of t he  penal ty  funct ion i s  two-fold. F i r s t ,  
because of the  f a c t  t h a t  Eq. 
6 unknowns, minimizing the func t iona l  J enab le s  us t o  determine 
a s p e c i f i c  (although n o t  n e c e s s a r i l y  unique) s o l u t i o n  6 Second, 

( 2 )  is  a system of 3 equat ions i n  
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t h e  minimization a l s o  enables us t o  incorpora te  c e r t a i n  des i r -  
able p rope r t i e s  i n t o  t h e  s o l u t i o n  6 ,  such as smoothness of 
trajectory, avoidance of gimbal s t o p s ,  etc. These p r o p e r t i e s  
w i l l  be discussed f u r t h e r  below. 

The c o n s t r a i n t  r e l a t i q n  given by Eq. ( 2 )  cannot,  i n  
general ,  b e  sa t i s ' f i ed .  For,  i f  $ is cons tan t  i n  the i n t e r v a l  
[ t k ,$+ l l ,  then 6 (t) = d ( t k )  + 6($) ( t - t k )  , and t h e  left-hand- 
s i d e  of Eq. ( 2 )  w i l l  be varying w i t h  t i m e  whi le  t h e  right-hand- 
s i d e  i s  constant .  

I n  Sec t ion  11, w e  give two approaches fo r  s o l v i n g  t h e  
opt imizat ion problem approximately. 
the c o n s t r a i n t  c o n d i t i o n  (Eq. ( 2 ) )  by another  equat ion which i s  
realizable. I n  t h e  f i r s t  approach, we  s h a l l  demand t h a t  t h e  
c o n s t r a i n t  be s a t i s f i e d  only a t  the sampling po in t s .  I n  t h e  
second, w e  require t h a t  an i n t e g r a t e d  ve r s ion  o f  Eq. ( 2 )  be 
s a t i s f i e d  a t  t h e  sampling po in t s .  For both ,  w e  s h a l l  give a 
desc r ip t ion  along with an a n a l y t i c a l  expression f o r  t h e i r  errors. 
Algorithms f o r  t h e  computation of  angles  and rates are der ived 
f o r  t h e  genera l  class of quadra t i c  pena l ty  func t ions .  Some sta- 
b i l i t y  quest ions are a l so  addressed. S p e c i f i c  case s t u d i e s  are 
then presented,  ( including dup l i ca t ion  of t h e  gimbal angle  tra- 
jectories obtained a t  MSFC) showing some of the s a l i e n t  f e a t u r e s  
of each of these  approaches. Thei r  re la t ive m e r i t s  a r e  a l s o  
compared. 

I n  each, w e  s h a l l  rep lace  

11. Two Approaches t o  Solving t h e  Minimization Problem 

A. Torque Matching a t  the Sampling T i m e s  

A t  t he  sampling t i m e  t = %, w e  have t h e  c u r r e n t  
gimbal angles dk, spacec ra f t  rates uk, t h e  momentum vec to r  H(6k) 
- = Hk, t he  matr ix  C(6 ,& E 5 and t h e  d e s i r e d  torque  Tk. d 

a set  of gimbal angles 6k+l which minimizes a cost func t ion  
J{dk+l,dkj, {which may depend on 6k, as  w e l l  as on 6 

t o  t h e  c o n s t r a i n t  

W e  seek 

1 ,  subject k + l  

( 3 )  - 1 C (6 A t  k k+l - dk) + uk x Hk = Tk d , 

where A t  = $+1 - t k '  
s a t i s f i e s  s u i t a b l e  predetermined p r o p e r t i e s .  

We assume f o r  k = 0 ,  6 o  is  def ined and 
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h i s  fashion,  a sequence { 6 k l  is  determined. Next, 
d e f i n e  t h e  sequence 11,) by 

F i n a l l y  w e  de f ine  t h e  vec tor  funct ion 6 ( t )  f o r  t i n  t h e  i n t e r v a l  
r tkJtk+l]  by 

Should t h e  gimbal angles ,  6 ,  evolve according t o  t h i s  
t r a j e c t o r y ,  t he  a c t u a l  torque, Tal produced i n  t h e  i n t e r v a l  
[ \ , tk+l l  would be, according t o  Eq. (1): 

Thus, 

Ta = T d = Tk d when t = tk 

bu t ,  i n  general ,  

Ta # Td when tk < t < tk+l 

One can ob ta in  an expression f o r  t h e  mean, o r  average, 

error of T a over the i n t e r v a l  [ \ ? t k + l ] .  The mean e r r o r  i s  

This is  a vec tor  equation. I f  we  examine a t y p i c a l  component, 
&L 

say the i z ,  and apply the mean va lue  theorem of i n t e g r a l  cal- 
culus  , w e  obta in  



- 6 -  

"k ( 7 )  

f o r  some Ek such t h a t  0 < ck  < A t .  

I n  t h e  case  where t h e  pena l ty  func t ion  J is a quad- 

For t h e  sake of b rev i ty ,  
r a t i c  i n  6k+l, t h e  obtained algorithms f o r  6k+l are e a s i l y  
implemented on t h e  d i g i t a l  computer. 
l e t ' u s  first in t roduce  the n o t a t i o n  

fo r  some cons tan t  reference v e c t o r  i. 
case of t h e  Skylab CMGs, s" = (O,a/4,O,n/4,0,n/4).) 

(For example, i n  the 

Suppose now, J has t h e  form 

where s is  a parameter, 0 
matr ix ,  which may depend on t h e  c u r r e n t  angles  6k. 

t i o n  f o r  w r i t i n g  a quadra t i c  J i n  t h i s  form i s  t h a t  

s < 1, and Q is  a p o s i t i v e  d e f i n i t e  
The motiva- 

which i s  a l i n e a r  combination of angles  (Tk+l) and rates 

(6k+l k 
thought of as a weighting matrix. 
weights may be used is seen i n  t h e  case of the .Skylab .  There  
t h e  angles  fii  t r a v e r s e  between approximately fn/2 w h i l e  t h e  ai 

t r a v e r s e  between +a. I n  order  t o  equa l i ze  t h i s  d i f f e r e n c e  i n  
dynamic ranges,  w e  can take Q t o  be a diagonal  mat r ix  w i t h  t h e  
diagonal  e l emen t s  t o  be (1, .25, 1, .25, 1, .25).) Minimizing 
J i n  t h i s  form i s  equiva len t  t o  minimizing t h e  gene ra l  quadra- 
t i c  form 

-6 ) ,  and s i s  a measure of t h e  r a t e  mixture.  Q can be 
(An example of where unequal 
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I I 

Q ( 6  ) v  = z 6k+l  Q1(6k)Tk+1 + 'k+1 2 k 
1 -  

f o r  s u i t a b l e  non-singular matrices Q1 and Q2 and vec to r  V .  

The problem, f o r  t h e  pena l ty  func t ion  given i n  Eq. 
( 8 ) ,  can b e  stated as: given the c u r r e n t  angles  dk, rates ukf  

momentum Hk, t h e  weighting mat r ix  0, E Q ( S k ) ,  t h e  paramccer s, 
which minimizes (Eq. ( 8 ) )  and t h e  des i r ed  torque Tk, f i n d  Fk+l * d  

subject t o  the c o n s t r a i n t  

An a p p l i c a t i o n  of  the Lagrange m u l t i p l i e r  method 
y i e l d s  t h e  formula 

-1 ' This formula is  valid i f  and only i f  t h e  mat r ix  (CkQ 
s i n g u l a r  for  each k. If the-Qk are p o s i t i v e  d e f i n i t e ,  then t h e  

s Q i l C ;  are non-singular i f  and only i f  t h e  momentum vec to r s  of 
the CMGs are no t  co l inear .  

s) is non- 

T h i s - a s s e r t i o n  is  prpved i n  AP? 
---a;.* 1 r = . r r u r A  A. 

Equation (10) y i e l d s ,  a t  once, the gimbal angle  rates 
t o  be  commanded f o r  the t i m e  i n t e r v a l  [tk,tk+l], and, t h e r e f o r e ,  
t h e  optimal angles  6k+l t o  be a t t a i n e d  a t  t = sal. 

A n a t u r a l  " s t a b i l i t y "  ques t ion  f o r  t h i s  kind of 
system is: 
torque  becomes zero a t  a c e r t a i n  t i m e  and remains zero there- 
after? T h i s  is  discussed i n  Appendix 3. 

What happens t o  the gimbal angles  when the d e s i r e d  
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W e  now discuss  some t y p i c a l  case s t u d i e s  us ing  t h i s  
approach. 
a lgori thm given by Eq. ( l o ) ,  wi th  6 = (O,a/4,0,n/4,0,n/4) . 
The case s t u d i e s  included both "open-loop' and 'closed-loop" 
models. I n  t h e  f i r s t  case, t h e  d r i v i n g  torque Td is  assumed 
to  be j u s t  t h e  gravi ty-gradient  torque. 
case, t h e  torque 1s obtained, through feedback, by computing 
t h e  a t t i t u a e  ana ra te  e r ro r s .  

Computer runs were made-yith a program based on t h e  

I n  t h e  closed-loop 

1. op en-loop Runs 

I n  t h e s e  runs,  w e  have assumed w = 0' f o r  a l l  t. Thus, 
t h e  average error of t h e  torque over t h e  i n t e r v a l  [ t k , t k + l l ,  by 
Eq. (61,  is  

f %+l 

and t h e  t o t a l  error up t o  t i m e  \+l is  

k+ 1 k+ 1 I"" j = O  j=O 
C(6(r))ikdr -1 C.: 3 3  . A t  = Hk+l - 1 C . b . A t  3 3  (11) 

W e  also t ake  t h e  Skylab solar  i n e r t i a l  a t t i t u d e ,  with t h e  s o l a r  
e l e v a t i o n  angle ,  B ,  equal t o  30°, and s t a r t i n g  a t  4 5 O  befo re  
o r b i t a l  noon. The matrix Q i s  taken t o  be t h e  i d e n t i t y  matr ix ,  
and To is  taken t o  be the zero vec tor .  

s = 0 (i.e.,  no rate term i n  J) and A t  = . 2  sec. and n t  = 1 sec. 
Figure 3 r ep resen t s  the  t o t a l  errors i n  torque f o r  t h e s e  t w o  
cases.  Notice t h a t  as A t  becomes smaller, t h e  o s c i l l a t i o n s  be- 
come smaller i n  amplitude and greater i n  frequency. O f  g r e a t e r  
importance, no te  t h a t  t he  t o t a l  e r r o r  i n  torque begins t o  be 
s i g n i f i c a n t  i n  t h e  v i c i n i t y  of 400 seconds i n t o  t h e  o r b i t  and 
grows l a r g e r  as t i m e  goes on. This e r r o r  seems independent of 
t h e  s i z e  of t h e  sampling i n t e r v a l s .  I t  t u r n s  ou t  t h a t  t h e  
matrices involved ( i n  Eq. ( 1 0 ) )  become very s e n s i t i v e  t o  s m a l l  

F igure 2 compares the gizhal angles  obtained f o r  
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changes i n  8 nea r  t = 400 sec., t h e  t i m e  near  which t h e  o s c i l -  
l a t i o n s  f i r s t  appear. These phenomena occurred i n  o t h e r  cases 
and for  o t h e r  values  of A t  which are no t  included i n  t h i s  re- 
por t .  

I f  we  now start  adding t h e  rate term i n  t h e  pena l ty  
func t ion  by inc reas ing  S I  w e  f i n d  that  t h e  o s c i l l a t i o n s  s t a r t  
t o  d isappear ,  and the to ta l  e r r o r s  i n  torque decrease dramati- 
c a l l y .  Figures  4 and 5 compare runs for s = . 5  and .75 with 
A t  = . 2  sec. W e  note  a l s o  t h a t  t h e r e  i s  a range of va lues  
of s (between - 5  and . 9 )  where the gimbal angles  obta ined  are 
n o t  g r e a t l y  changed with changes i n  s. These r e s u l t s  agree 
q u i t e  w e l l  wi th  those obtained by t h e  second approach t o  be des- 
c r ibed  below. 

2. Closed-loop Runs 

I n  these  runs the  desired torque i s  a l i n e a r  func t ion  
of the a t t i t u d e  and r a t e  e r r o r s  of t h e  spacec ra f t ,  as it w i l l  
be on t h e  Skylab. 

I n  order t o  cause t h e  momentum vec to r  t o  swing over  
i t s  maximum range, t h e  g rav i ty  g rad ien t  torque on t h e  Skylab 
w a s  a r t i f i c i a l l y  scaled up. The scale f a c t o r s  used w e r e  

Torque Fac to r  

0 2.06 
230 O 1.73 
k45O 
+60° 

1.63 
1.66 

where 8 is the  s o l a r  e l eva t ion  angle  from the o r b i t a l  plane.  

Runs were made us ing  three control  Iws: the t c rq~e  
matching con t ro l  law given by Eq. (10)  8 t h e  MSFC con t ro l  l a w ,  
and another  vers ion  of the  torque  matching l a w .  
s i o n  produced gimbal angle t r a j e c t o r i e s  nea r ly  i d e n t i c a l  with 
those of t h e  MSFC con t ro l  l a w .  

This l a s t  ver- 

I n  t h e  closed-loop case, t h e  torque  matching l a w  dis- 
played sha rp ly  varying, jagged gimbal angle  t r a j e c t o r i e s  f o r  
b t  = . 2  sec. ( the  Skylab value) and s . 8 .  A set of t r a j e c -  
tories f o r  s = . Y  and s = .;L i s  shown i n  Figure b .  'rhis il- 
lustrates  8 once more, t h a t  i nc reas ing  t h e  rate t e r m  mixture i n  
the penal ty  funct ion smoothes o u t  t h e  gimbal angle  t r a j e c t o r i e s .  
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The MSFC c o n t r o l  l a w  i s  conceptual ly  of t h e  torque  
matching type. 
un less  a ga in  factor a s soc ia t ed  w i t h  it is  set  l o w .  This factor 
p l ays  a similar role t o  (1-s) i n  Eq. ( l o ) ,  as w e  w i l l  now show. 

I t  also produces jagged gimbal angle  trajectories 

Notice tha t  the f i r s t  t e r m  on t h e  r i g h t  side of Eq.  
(10) produces zero t o r q u e  (i.e. , it i s  a v e c t o r  i n  t h e  n u l l  space 
of ck)  . The second t e r m  produces t h e  torque. This i s  j u s t  an ex- 
ample of t h e  fact  tha t  the s o l u t i o n  t o  a c o n s i s t e n t  se t  of l i n e a r  
equat ions  (i.e., Eq. (9)) c o n s i s t s  of a vector from t h e  n u l l  space  
p l u s  a p a r t i c u l a r  s o l u t i o n .  

Now, t h e  MSFC control l a w  (Ref. 2)  is t h e  sum of two 
p a r t s ,  t h e  " r o t a t i o n  l a w "  and t h e  " s t e e r i n g  l a w " ,  The r o t a t i o n  
l a w  genera tes  gimbal angle  rates, say iR, tha t  produce no torque.  
Hence, 6 

gimbal angle  rates, say is, that  provide the d e s i r e d  torque,  
is is a p a r t i c u l a r  s o l u t i o n  of Eq. (9). 
t i o n  l a w  i s  a scale f a c t o r  c a l l e d  KR (Ref. 2)  ; t h a t  is ,  the t o t a l  
gimbal angle  rate i s  K,iR + is. 
t h e  same role as (1-s) i n  Eq. (10)  by s c a l i n g  down t h e  n u l l  space 
component of t h e  commanded gimbal angle  rates. 
given i n  Ref. 2 is  0.25,  which w a s  determined empi r i ca l ly  i n  simu- 
l a t i o n s  a t  MSFC. The tendency for jagged gimbal angle  trajecto- 
ries w a s  found to  inc rease  w i t h  i n c r e a s i n g  KR, j u s t  a s  this tend- 
ency increased  w i t h  increas ing  (1-s) using t h e  torque matching 
a lgor i thm given by Eq.  ( 1 0 ) .  T h i s  fact  i s  d isp layed  i n  F igure  7 
by the d i s c o n t i n u i t i e s  i n  the  gimbal angle  trajectories.  

OR i s  i n  the n u l l  space of Ck. The s t e e r i n g  l a w  produces 
Thus, 

Associated w i t h  the  rota- 

W e  see t h a t  t h e  f a c t o r  KR p lays  

The va lue  of KR 

Since t h e  MSFC law has a sixtular s t r u c t u r e  t o  Eq. ( 1 0 )  
(i.e.,  t h e  sum of a n u l l  s o l u t i o n  and a p a r t i c u l a r  s o l u t i o n )  a 
ques t ion  t h a t  comes t o  mind is, "Can the MSFC l a w  be  der ived  as 
a s o l u t i o n  t o  an opt imizat ion probiem?" O u r  .attempt t o  do so 
proved too  formidable t o  pursue a t  this t i m e .  The next  ques t ion  
then  is: Can a penal ty  funct ion,  (Eq. ( 8 ) ) ,  be chosen such that  
t h e  r e s u l t i n g  algori thm produces gimbal angle  t r a j e c t o r i e s  iden- 
t i ca l ,  or very similar, t o  those of t h e  MSFC l a w ?  The answer t o  
t h i s  ques t ion  i s  yes.  

I f  t h e  pena l ty  funct ion used i s  
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the s o l u t i o n  t o  the opt imizat ion problem is 

The elements of Q1, Q2,  and v are chosen us ing  t h e  fol lowing 
r a t i o n a l e .  L e t  Q1 and Q2 be diagonal ,  then J can be w r i t t e n  as 

J. I i=l i=l 

L e t  us now de f ine  yki z fiFki, where t h e  f i t s  are chosen such 
that the dynamic ranges of a l l  the yki,s are equal.  
Skylab CMGs w e  can use f i  = 1, i = I, 3, 5; and f i  = .5, 
i = 2 ,  4, 6; s i n c e  t h e  outer  gimbal angles have a range t w i c e  

where n i s  an odd in t ege r .  With these  d e f i n i t i o n s ,  J becomes 

For t h e  

n t h a t  of t he  i n n e r  gimbal ang le s .  F ina l ly ,  choose vi = 6ki 

6 
1 1 2 

= 7 1 'li 7 ( Y ( k + l ) i m Y k i )  
i= 1 fi 

6 n 

Since a l l  t h e  y k i t s  have the  same dynamic range, w e  
choose 

n+l  and q2i - - f i  2 
91i = fi 
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Thus w e  have f o r  t h e  Skylab 

= diag(1, .25, 1, .25, 1, -25) Q1 

Q;'Q2 = diag(1, - 5  n- 1 8 1, 0 5  n- 1 I 1, .sn-l) 

and 

By choosing n = 5 ( t h e  value of t h e  exponent used i n  
t h e  MSFC r o t a t i o n  l a w )  and (1-s) = - 2 ,  w e  ob ta in ,  using Eq. (loa) , 
gimbal angle t r a j e c t o r i e s  near ly  i d e n t i c a l  w i t h  those of t h e  MSFC 
c o n t r o l  l a w .  

Thus, t h e  algorithms der ived  he re ,  us ing  the torque 
matching approach, can dup l i ca t e  t h e  r e s u l t s  using the MSFC law. 
Whether t h i s  approach should b e  used i n s t e a d  of t h e  MSFC approach 
depends on t h e i r  r e l a t i v e  ease of implementation. 
cussed i n  t h e  concluding remarks. 

This is d i s -  

These case s t u d i e s  sugges t  that  a t  least  some rate  con- 
t r o l  (i.e.,  s > 0)  is  essent ia l  t o  ob ta in  smoothly evolving gimbal 
angles . 
B. "Momentum Matching" a t  the Sampling Poin ts  

I n  t h e  method j u s t  descr ibed ,  w e  matched t h e  a c t u a l  
torque,  Ta = fi + w x H ,  wi th  t h e  d e s i r e d  torque Td a t  t h e  sampling 
t i m e s .  
t h e  c o n s t r a i n t  (Eq. ( 2 1 1 ,  and work with the  momentum vec to r  
H ( 6  (t) 1 ins tead .  

H e r e  w e  w i l l  at tempt t o  s a t i s f y  the  i n t e g r a t e d  form of 

Given 6k, Wkt Tk, d w e  seek a sequence of gimbal angles 

which minimizes a cost func t ion  J ( O ~ + ~ , ~ ~ ) ,  s u b j e c t  t o  t h e  &k+l  
c o n s t r a i n t  

k k 

( ) =  1 TdAt - 1 w j  x H ( a j ) A t  'k+l 3 
j = O  j = O  
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W e  assume t h a t  for  k = 0,  6 o  is def ined  and s a t i s f i e s  s u i t a b l e  
pre-determined p rope r t i e s .  

As i n  the f irst  approach, w e  can, i n  t h i s  f a e i o n ,  
genera te  a sequence {6,1, and, t h e r e f o r e ,  a sequence I6k) by 

Simi la r ly ,  w e  de f ine  t h e  func t ion  6 ( t )  on t h e  i n t e r v a l  [ t k ? t k + 1 ]  

b Y  

Should t h e  gimbal angles ,  6 ,  evolve according t o  t h i s  
t r a j e c t o r y ,  t h e  a c t u a l  torque, Ta,  produced i n  t h e  i n t e r v a l  
[ t k r tk+ l l  would be,  according t o  Eq. (1) 

Ta = C ( 6 ( t ) ) b ( t )  + w ( t )  x H ( 6 ( t ) )  = fi + w x H  

Thus, 

The t o t a l  e r r o r  of T a over t h e  i n t e r v a l  [tk,tk+l], 
L k ~ n  ' u r = . r r ,  1s 

f t k + l  

wxHdr - TkAt d 
+ Jtk+l tk 
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From Eq. (12), w e  have 

( 'k+l k k  ) - H ( d k )  = TkAt d - w xH A t  

This y i e l d s  t h e  error 

This i s  p r e c i s e l y  t h e  second t e r m  of t h e  torque e r r o r  obtained 
i n  t h e  previous approach (Eq. (6) ) . 

An advantage of t h i s  approach is  now r e a d i l y  apparent:  
I f  t h e  s p a c e c r a f t  is  he ld  i n  an i n e r t i a l  a t t i t u d e ,  which is in-  
deed what i s  d e s i r e d  i n  the  Skylab, then o = 0 f o r  a l l  t. This 
means t h a t  t h e  t o t a l  e r r o r  over  [ tk , tk+ l l ,  and, t h e r e f o r e ,  t h e  
t o t a l  e r r o r  up to  any sampling t i m e  tk, is zero. 
a t  least, then t h i s  cont ro l  approach, f o r  w = 0 ,  produces a 
to rque  which, on average, is t h e  same as t h e  d e s i r e d  torque up 
t o  any t i m e  tk. This compares with t h e  p o s s i b i l i t y  of accumu- 
l a t i n g  errors as i n  the f i r s t  approach. 

T h e o r e t i c a l l y ,  

On t h e  o t h e r  hand, i n  t h e  case of a q u a d r a t i c  cost 
func t ion  J(6k+l, b k )  , t h i s  approach is  no t  a s  simple t o  execute  
as is the first .  In  t h e  previous case, given t h e  angle  vec- 
t o r  tSk, a one-time a p p l i c a t i o n  of Eq. 
v e c t o r  6 k+ . 
required.  

(10) y i e l d s  the' next  
I n  t h e  p re sen t  case,/ however, i t e r a t i o n s  may be 

f o r  some cons tan t  reference vector $. 
r a t i c  cost funct ion a s  before .  W e  seek t o  minimize 

L e t  J be t h e  same quad- 
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s u b j e c t  t o  c o n s t r a i n t  

k k _- 

( ) =  Z ( T d  - o . x H ( d j ) ) A t  E 1 T c A t  
6k+l  3 3 3 

j= 0 
~ 

j = O  
- 

A n  a p p l i c a t i o n  of t h e  Lagrange m u l t i p l i e r  method 
y i e l d s  a system of 9 equations i n  9 unknowns: 

k 

( 'k+l ) - TTAt = 0 

where X is  t h e  3 x 1 vector  of Lagrange m u l t i p l i e r s .  

W e  s h a l l  s o l v e  Eq. (13) f o r  6k+l by Newton's method 
of i t e r a t i o n s .  [A br ief  r e c a p i t u l a t i o n  of tha t  method is given 
i n  Appendix 2. ] N e w t o n ' s  method gene ra l ly  i s  unwieldy fo r  high- 
e r  dimensional systems, pr imari ly  because i t  requ i r e s  t h e  inver -  
s i o n  of t h e  Jacobian matrix,  M, which i n  o u r  case i s  9 x 9: 

where D is  the 6 x 6 matrix w i t h  e n t r i e s  dij ,  w h i c h  are p a r t i a l  
d e r i v a t i v e s  of  the i- component of the vec tor  C' ( 6 )  A wi th  re- 
s p e c t  t o  t h e  jfh component of 6 .  
method is e a s i l y  executed. 

can be obtained a n a l y t i c a l l y ,  whenever i t  exis ts ' ;  as 

th 

H o w e v e r ,  i n  this case, Newton's 

-1 
F i r s t ,  because of t h e  simple block form fo r  M, M 
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Second, because of t h e  s p e c i a l  n a t u r e  of t h e  matrix C ( 6 )  (where 
t h e  f i r s t  t w o  components of 6 appear only i n  t h e  first t w o  
columns of C, t h e  t h i r d  and f o u r t h  components of 6 appear on ly  
i n  t h e  t h i r d  and fou r th  columns of C, and so o n ) ,  t h e  matrix 
Q + D has t h e  simple block form 

where each Gi is 2 x 2. Therefore, (Q+D)-' is  simply 

whenever t h e  G i l  ex i s t  . 
Because of t h e s e  s impl i fy ing  p r o p e r t i e s ,  it is  poss i -  

b l e  t o  o b t a i n  an e x p l i c i t  a n a l y t i c  formula fo r  t h e  i terat ive 
scheme. I n  f a c t ,  l e t  be t h e  j- approximation f o r  t h e  angle  

'k+l 
2 t oge the r  w i th  Eq. (141, y i e l d s  

t h  
- j 

being sought. Then, an a p p l i c a t i o n  of Eq. (A2.2)  of Append* 

m=o (15) 
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Thus, t h e  d i f f i c u l t i e s  which are gene ra l ly  associated w i t h  
Newton's method for so lv ing  h igher  dimensional systems d i s -  
appear i n  the p r e s e n t  case. 

W e  observe here t h a t  Eqs. (15) a c t u a l l y  conta in ,  as 
a s p e c i a l  case, Eq. (10) used i n  the previous approach if w e  

one i t e r a t i o n  t o  o b t a i n  each Tk+l. I n  t h a t  case, t h e  -first - 

set  t h e  mat r ix  D equal t o  zero, set yo = - 6 k ,  and perform only 

._ - 
equat ion  of Eqs. 
i f  w e  recognize t h a t  

(15) is p r e c i s e l y  of t h e  form of Eq. (lo), 

k k 1. T:At - H(YO)= 1 TmAt C - H ( 6 k )  
m= 0 m= 0 

k k- 1 

m= 0 m= o 

S e t t i n g  D = 0 is equiva len t  t o  assuming t h a t  t h e  func t ion  H 
varies l i n e a r l y  i n  each sampling i n t e r v a l .  
sense, t h e  f i rs t  approach is a l i n e a r i z e d  ve r s ion  of the pre- 
sent one. 

Thus, i n  t h a t  

Equation (15) is val id  whenever (Q+D)= '  and 

i f  and only i f  t h e  three gyro momentum vectors are n o t  c o l i n e a r  
(See Appendix 1.) If (Q+D) is  s i n g u l a r  a t  some sample t i m e  t k ,  

then  so i s  the Jacobian matrix M ,  and Newton's method f a i l s  a t  
t ha t  poin t .  I n  t h e  a c t u a l  program t h a t  was used, whenever t h i s  
happened, w e  merely employed Eq. (10) t o  o b t a i n  the next  6k+l. 

this approach also possesses ,  t h e o r e t i c a l l y  a t  least ,  the desir- 
a b l e  proper ty  tha t  t h e  gimbal angles  remain f ixed  when the 

(C(Q+D)-+)-' e x i s t .  I f  ( Q + D ) - ~  e x i s t s ,  (c(Q+D) -1 c ' -1 e x i s t s  

I n  t he  case where w = 0,  s = 0,and Q = cons tan t  mat r ix ,  
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d e s i r e d  torque  becomes zero a t  a c e r t a i n  t i m e  % and s t a y s  

zero  f o r  a l l  t i m e  t he rea f t e r .  
f o r  a l l  k > N ,  then the c o n s t r a i n t  Eq. 

For, i f  w = 0 ,  and i f  Tk d = 0 
(12) f o r  6N+1 becomes 

j = O  

Since  s = 0 ,  t h e  minimizing problem given by Eqs. ( 8 )  and (12)  
becomes: f i n d  6N+1 which minimizes 

such t h a t  

N - 1  
H(6N+1) = 1 T . A t  d 

3 
j = O  

But this i s  t h e  same problem a s  t h e  one which de f ines  6N. 
Hence, i f  w e  use  6 N  as a f i r s t  guess t o  f i n d  6N+1, w e  must 
have 6N+1 = 6N.  I n  fact ,  w e  must have, by r e p e t i t i o n  of t h i s  

argument, - f o r  a l l  k > N .  - 'N 

W e  now d i scuss  some t y p i c a l  ca se  s t u d i e s  us ing  t h i s  
approach. 
Eqs. (15) and ( 1 0 ) .  

and a desired torque Tk, d w e  gene ra t e  a new ang le  vec to r  us ing  

Luuc. -LAA= 7' t h e  momentum c o n s t r a i n t  Eq. (12 )  is s a t i s f i e d ,  t hen  t h i s  
vec to r  is our  des i r ed  so lu t ion  6k+l. I f  no t ,  t hen  i t e r a t i o n s  
are performed using Eq. (15), w i t h  t h e  angle  vec to r  generated 
i n  the  f i r s t  s t e p  by Eq. (10)  being a f i r s t  "guess." The use 
of Eq. ( 1 0 )  t o  provide t h e  f i r s t  approximation, t hus ,  has t h e  
advantage of reducing computation t i m e .  It a l s o  has t h e  
added advantage of cont inuing i n  t i m e  i f  a t  a c e r t a i n  t i m e  
tk, t h e  Jacobian matr ix  becomes s ingu la r ,  and Newtonts method 
fa i l s .  

Computer runs were made w i t h  a program based on 
Tha t  i s ,  given a gimbal ang le  vec to r  6k 

rC C n r  t h 4 c  ..I-... =-"le w a m t n r  (l!?) AI. L U I  L.&&A.Y A A b W  U A & Y A L  V b U C U L  
t h m  - 4 - m l - w  --..&:-A m- 
L A A S  UA&Up.L=L 
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I n  t h e  r e s u l t s  presented h e r e ,  w e  have considered 
only the "open-loop" case,  t h e  d r i v i n g  torque  being t h e  
grav i ty-gradien t  torque.  The mat r ix  Q is  taken t o  b e  t h e  
i d e n t i t y  mat r ix ,  and w e  have assumed an i n e r t i a l l y  f i x e d  
a t t i t u d e  - t h a t  is, w = 0. That l a s t  assumption y i e l d s  
t h e  f a c t  t h a t  t h e  average torque  error over  t h e  i n t e r v a l  
ltk' tk+l  
l i n g  t i m e ,  i s  always zero. This f a c t  is  borne o u t  i n  t h e  
a c t u a l  computations. 

1, and, t h e r e f o r e ,  t h e  t o t a l  error up t o  any samp- 

Various runs with d i f f e r e n t  va lues  of s and A t  
w e r e  made. One immediate observa t ion  is  t h a t  t h e  r e s u l t i n g  
gimbal angle  t r a j e c t o r i e s  are extremely i n s e n s i t i v e  t o  
changes i n  the ra te  mixture s and t h e  sampling i n t e r v a l  
A t .  I t  i s - n o t  u n t i l  s = .99 and beyond t h a t  t h e r e  a r e  
any i d e n t i f i a b l e  changes i n  t h e  p l o t s  of t h e  angles .  
Another f a c t  t o  be observed i s  t h a t ,  most of t h e  t i m e ,  
i t e r a t i o n s  are n o t  required;  t h a t  i s ,  Eq. ( 1 0 )  provides 
very accura t e  computation most of t h e  t i m e ,  us ing occa- 
s i o n a l  i t e r a t i o n s  t o  e l imina te  accumulated errors. The 
requ'ired i t e r a t i o n s  decrease even f u r t h e r  with s values  
near ing  1, so t h a t  computation t i m e s ,  f o r  a f ixed  A t  and 
for  t h e s e  values  of s ,  become comparable t o  t h a t  of t h e  
f i rs t  approach. (The computation t i m e s  f o r  f i xed  s changes 
of course,  almost l i n e a r l y  wi th  A t . )  

F igure  8 compares r e s u l t s  f o r  s = .75, and 
s = . 995  with A t  = . 2  sec. Notice t h e  s i m i l a r i t y  i n  re- 
r e s u l t s  between t h e  s = .75 case  and t h e  same case  using 
t h e  f i r s t  approach. Notice a l s o  t h a t  f o r  t h e  case  s = .995 
t h e  jumps near  4100 sec a re  smoothed ou t .  

This approach provides ,  i n  gene ra l ,  smoother 
response f o r  every value of s than  t h e  f i r s t  because of 
i t s  increased  accuracy. This is  a t  t h e  c o s t  of a s l i g h t l y  
longer  program and longer  computation t i m e  due t o  occas iona l  
i t e r a t i o n s .  However, t h e  computation t i m e s  become compar- 
ahle zs s ;ears 1. Zecause or' t h e  extreme i n s e n s i t i v i t y  
o f  t h e  r e s u l t s  t o  changes i n  both A t  and s ,  one may o b t a i n  
smooth response with a s h o r t  computation t i m e  by using 
l a r g e r  values  of s and A t .  

111. Concluding Remarks 

CMG gimbal angle  c o n t r o l  i n  t h e  framework of an optimiza- 
t i o n  problem. Two approaches f o r  c o n t r o l  have been given, 
each wi th  i t s  own relative merits, and some of t h e i r  prop- 
erties discussed.  

W e  have presented h e r e  a u n i f i e d  t rea tment  of 

Case s tud ie s  using q u a d r a t i c  pena l ty  
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func t ions  w e r e  inves t iga ted .  These s t u d i e s  demonstrated t h e  
need f o r  inc luding  a r a t e  term i n  t h e  pena l ty  func t ion  i n  
o r d e r  t o  achieve smoothly evolving gimbal angle trajectories.  

By a proper choice of t h e  pena l ty  func t ion ,  t h e  
torque-matching approach appears t o  d u p l i c a t e  t h e  gimbal 
angle  t r a j e c t o r y  obtained us ing  t h e  MSFC l a w .  

IBM, Huntsville., compared t h e s e  two c o n t r o l  l a w s  
w i th  r e s p e c t  t o  memory requirements and execut ion t i m e  
(Ref. 3 ) .  They assumed c o r r e c t l y  t h a t  t h e  support ing l o g i c  
f o r  each l a w  would be about t h e  same. The r e s u l t s  of t h e  
assessment are 

MSFC Law 

Torque 
Matching 

summarized as fol lows : 

Control Law Proper Control Law p l u s  Logic 

Memory Memory 
Locations T i m e  Locations T i m e  

755 31.5 m s  1502 68.0 m s  

53 1 48.3 m s  1278 85.3 m s  

A memory saving of 2 2 4  words could be r e a l i z e d .  
The execut ion t i m e ,  however, would inc rease  17.3 m s  ; t h i s  
r ep resen t s  an increase  i n  t h e  c o n t r o l  law duty cyc le  from 
34.0% t o  42.7%. B u t t h i s  duty c y c l e  i s  based on execut ing 
t h e  CMG c o n t r o l  l a w  5 t i m e s  p e r  second, a requirement t h a t  
could be reduced. Consequently, i f  t h e  need f o r  a d d i t i o n a l  
memory becomes compelling, t h e  torque  matching l a w  should 
be ,cons idered  f o r  replacing t h e  p re sen t  MSFC law. 
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APPENDIX 1 

-1 ' PROPERTIES O F  THE MATRIX CQ C 

The v a l i d i t y  of E q s .  (10 )  and (15) depend on t h e  
non-singular i ty  of t h e  matr ices  Q ,  CQ-lC' I and (Q+D) , 
C (Q+D) -1, ' . The non-singular i ty  of Q i s  assumed from t h e  
o u t s e t ;  i n  f a c t ,  w e  assume Q i s  p o s i t i v e  d e f i n i t e .  The 
matrix Q+D v a r i e s  during t h e  Newton i t e r a t i v e  process  and 
n o t  much can be s a i d  about it a r i o r i .  I f  Q+D becomes 
s i n g u l a r ,  then  t h e  Jacobian maFrix % M ecomes s i n g u l a r ,  
and Newton's method f a i l s .  

W e  prove here  condi t ions  under which CQ -lc I 
becomes s ingu la r .  

Theorem 1. 
s i n g u l a r  i f  and only i f  C is  of rank 3. 

I f  Q i s  p o s i t i v e  d e f i n i t e ,  then  CQ- lC '  i s  non- 

Proof:  Suppose C is of rank 3. Since Q i s  p o s i t i v e  d e f i -  
n i t e ,  so is  Q-'. L e t  t h e  row vec to r s  of C be denoted by 
i -1 ' C , i = 1, 2 ,  3. Suppose, t o  t h e  con t r a ry ,  t h a t  CQ C 

i s  s i n g u l a r .  Then there e x i s t s  a non-zero vec tor  X '  = 
(xl, x2,  x3) such t h a t  

X ' CQ'lC ' = o  (Al. 1) 

L e t  Y = X'C.  Then ( A l . 1 )  impl ies  t h a t  Y is  -lei ' 
orthogonal  t o  each of t h e  vec to r s  Q . Since C i s  of 
rank 3, t h e  r o w  vec to r s  of C and, t h e r e f o r e ,  t h e  column 
vec to r s  of C '  are l i n e a r l y  indypendent. Q-l i s  non-sin- 
gular; t h u s ,  t h e  vec to r s  Q -ici 
L e t  t h e  space spanned by t h e s e  v e c t o r s ,  Qw1Ci , be denoted 
by S. Then Y L S. 

are l i n e a r l y  independent. 

On t h e  o t h e r  hand, 

-lc1' - l c2  ' -lC3 1 

= xlQ + x2Q + X3Q 
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Thus, Q'lY is  a l i n e a r  combination of t h e  Q-lCi '  and must 
be i n  t h e  space S. 
mentary spaces ,  and w e  must have 

Therefore,  Y and Q'lY are i n  comple- 

Y'Q'lY = 0 

But, X is  non-zero, C is of rank 3; thus  Y '  = X ' C  i s  also 
non-zero. 
t i ve  d e f i n i t e .  
s i n g u l a r .  

T h i s  con t r ad ic t s  t h e  assumption t h a t  Q i s  posi-  
Thus, i f  C is of rank 3,  CQ-lC' is  non- 

On  t h e  o t h e r  hand, i f  C i s  of rank less than 3,  
then  t h e r e  e x i s t s  a non-zero vec to r  X = (xl, x2, x3) such 

la r .  
that  C 'X = 0. Therefore,  CQ'lC'X = 0 and CQ -1 C I is  singu- 

This completes t h e  proof of t h e  theorem. 

Theorem 2. 
if and only i f  t h e  momentum v e c t o r s ,  hi, of t h e  i n d i v i d u a l  
gyros are a l l  co l inea r .  

If Q i s  p o s i t i v e  d e f i n i t e ,  CQ -1 C I i s  non-singular 

Proof: 
i f  C is  of rank 3. 
e x a c t l y  3, of i t s  column vec tors  are l i n e a r l y  independent. 
Thus C i s  of rank less than 3 i f  and only i f  a l l  of i t s  
column vectors a r e  co-planar. W e  s h a l l  now d e r i v e  t h e  
condi t ions  of co-planari ty .  

From Theorem 1, CQ -1 C I is  non-singular i f  and only 
C is of rank 3 i f  and only if 3 ,  and 

Denote by Vi t he  column vec to r s  of C. Observe 

f irst  t h a t  VllV2? V31V4, V51V6. 

V1 and V 2 ,  V3 and V4,  and V5 and V6 a r e ,  r e spec t ive ly :  
The planes determined by 

( A l .  2)  

(x ,y,z)  . v3 x v4 = 0 ( A l .  3) 
. .  

(x ,y,z)  . v5 x V6 = 0 ( A 1 . 4 )  

where 



i -  
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(V1 x V2)' = (-cosalcOS 2 8 sinalcos 2 81, ~ i n B ~ c o s 8 ~ )  1' 

(V3 x V4)' = (sinBZcosB2, -cosa cos 2 '  8 Sina cos 2 B2) 
2 2' 2 

(Vs x V6) ' = (sina cos 2 8 sinB3cosB3, -cosa3cos 2 B3). 3 3' 

If all the Vi are co-planar, then the equations (A1.2) - 
(A1.4) represent the same plane and are, thus, equivalent 
equations. Therefore, the ratios of the coefficients of 
x, y, and z, pairwise, must be the same in all 3 equations. 
This fact yields: 

3 = cosa ctna 1 

= cosa2ctna 1 

2 = cosa ctna 3 

= -ctnalctna2. 

(Al. 5) 

(A1.6) 

(A1.7) 

(Al. 8) 

These four. equations give ,he conditions for C ueing of rank 
less than 3, and, therefore, CQ -1 C I being singular. 

To complete the proof, we need now to relate these 

= 0 for i # j (i,j = 1, 2, 3). 
equations to the gyro momentum vectors hi. 
linear if and only if hi x h 

The hi are co- 

j 

h, x h, = (sina,sina,cosB,cosB, + ~ o s a ~ s i n B ~ c o s 8 ~ ~  
J. L A L A L 

~ i n B ~ s i n 8 ~  + cosa s i n ~ ~ c 0 ~ 8 ~ c 0 S B ~ ,  1 

COSa cosa2cosB cosBZ - Sina cos@ 1 1 1 1 

Eqs. (A1.5) and (A1.8) yield: 

1 c0sa~sin8~ = -sina sina2cosB 1 (A1.9) 
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Eq. ( A 1 . 6 )  y i e l d s :  

( A 1 . l O )  2 s ina  si118~ = cosa cosu COS8 
1 1 2 

T h e s e  l a s t  t w o  equations give 

2 sinB1sinB2 = -cosa s i n a 2 c o s B  cos8 1 1 

E q s .  ( A 1 . 9 )  - ( A l . l l )  , thus ,  i m p l y  tha t  hl x h2 = 0 .  

( A l .  11) 

In a s i m i l a r  fashion, use of Eqs, ( A 1 . 6 )  - ( A 1 . 8 )  
y ie lds  h2 x h3 = 0 .  T h i s  completes the proof. 

2 5’ 



APPENDIX 2 

NEWTON'S METHOD 

I n  t h i s  Appendix w e  g ive  a b r i e f  d i scuss ion  of 
t h e  s a l i e n t  f e a t u r e s  of Newton's Method. 

L e t  F be  an n-dimensional v e c t o r  func t ion  of n 
v a r i a b l e s  def ined on some domain .QCEn. 
uously d i f f e r e n t i a b l e  on SI. 

A s s u m e  F i s  cont in-  
W e  seek a vec to r  X ,  such t h a t  

F(X)  = 0 ( A 2 . 1 )  

Suppose t h e  vector  X1 is  an approximate s o l u t i o n  
t o  Eq. (A2.1)  
t h a t  F ( X  +AX ) = O .  The i t e r a t i v e  procedure i s  one of suc- 
c e s s i v e l y  ob ta in ing  such co r rec t ion  terms, and is  based on 
the use of t h e  f i r s t  order  Taylor approximation. 

W e  now seek a c o r r e c t i o n  term AXI such 
1 1  

Where M i s  t h e  matr ix  of t h e  f i r s t  o r d e r  p a r t i a l  d e r i v a t i v e s  
o f  F evaluated a t  X 1 t h a t  is  

. .  

. c  

and i s  c a l l e d  t h e  Jacobian matr ix  of F. Thus, i f  M i s  non- 
s i n g u l a r ,  AX 1 can be obtained as 

Define X2 = X 1 1  +AX : i n  a s i m i l a r  way, w e  can  o b t a i n  
..b 

a c o r r e c t i o n  term AX L . This process  i s  continued by t h e  
formula 

( A 2 . 2 )  
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until the sequence converges. 

This process is convergent provided that the 
1 initial approximation, X , is sufficiently close to the 

solution X and the Jacobian matrix M ( X )  is non-singular. 
If M is singular, then the method fails. 
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APPENDIX 3 

SOME STABILITY CONSIDERATIONS 

W e  address  t h e  s t a b i l i t y  ques t ion  f o r  Eq.  ( 1 0 )  only 
i n  t h e  case  where Q = I and w = 0 - i .e . ,  when t h e  s p a c e c r a f t  
i s  i n  an i n e r t i a l l y  f ixed  a t t i t u d e .  
p e r t y  i s  t o  have t h e  angles 6 tend t o  a l i m i t i n g  f i x e d  vec to r  
as t+-. What can be proved, however, i s  t h a t  t h e  ang le s  F 
t end  t o  a l i m i t i n g  magnitude which i s  no l a r g e r  than  lxNl , 
the  magnitude of 6N.  

The most d e s i r a b l e  pro- 

This can be shown thus:  f o r  k > N 

On t h e  o t h e r  hand, 

-1 - - -1- 

f o r  a l l  k > N 6k+16k+1 2 6k6k 

-1 - 
Thus, t h e  sequence I 6 k 6 k )  i s  monotone non-increasing; 

it is  a l s o  bounded from below (by zero).  Bounded monotone se- 
quences have l i m i t s :  t he re fo re ,  6 k 6 k  tend t o  some cons tan t .  
Geometrically,  this means tha t  the vec tors  6k i n  s i x  dimension- 
a l  space myst eventua l ly  l i e  on a b a l l  of minimum r a d i u s ,  w i t h  
c e n t e r  a t  6 .  

I 
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